We study the nature of the force between a D-brane and an anti-D-brane in the maximally supersymmetric plane wave background of type IIB superstring theory, which is equipped with a mass parameter µ. An early such study in flat spacetime (µ = 0) served to sharpen intuition about D-brane interactions, showing in particular the key role of the "stringy halo" that surrounds a D-brane. The halo marks the edge of the region within which tachyon condensation occurs, opening a gateway to new non-trivial vacua of the theory. It seems pertinent to study the fate of the halo for non-zero µ. Focusing on the simplest cases of p = ±1, we find here that for branes located at the origin, the radius of the halo shrinks for increasing µ. For branes away from the origin, this shrinking persists, and is accompanied by a shift of the centre of the halo away from the D-brane. In fact, we observe that for large enough µ, or beyond a critical distance from the origin, Dbranes can lose their halo entirely! We suspect that the consequences of this physics for key notions about the dynamics, stability and classification of D-branes (such as tachyon condensation, K-theory, etc.,) may well be quite significant.
Introduction
A D-brane and its "anti-particle", an anti-D-brane, upon approaching each other, will annihilate. The generic product of this annihilation process is expected to be a state of closed strings, which carry no net R-R charge. This expectation is supported by field theory intuition and knowledge of which objects are the carriers of the available conserved charges in perturbative string theory. From experience with field theory one expects to be able to see the beginnings of the process of annihilation via the opening up of new decay channels at coincidence. These can be seen by studying the amplitude for exchange of quanta between the two branes, which gives a potential. At small separations, the behaviour of the potential -and the resulting exchange force that can be derived from it-can signal new physics. Basically, a divergence in the exchange force as the objects are brought together can signal the opening up of a new channel (or new channels) not included in the computation of the amplitude away from the divergent regime.
In field theory, for a separation X of the two objects, the divergence follows simply from the fact that the amplitude for exchange is controlled by the position space propagator ∆(X) which (for more than two transverse directions) is divergent at X = 0. This is where the new channels can open up, which can include the processes for complete annihilation into a new sector, if permitted by the symmetries of the theory.
For D-branes in superstring theory, such a divergence does indeed show up, but there is an important new feature [1] . The divergence occurs when the D-branes are finitely separated, by an amount set by X 2 H = 2π 2 α ′ , where α ′ is the characteristic length scale set by a fundamental string's tension. This is interpreted as the fact that in addition to the many special features of D-branes, they have a "stringy halo" originating in the fact that the bulk of the open strings which (by definition) end on them can reach out in the transverse directions, forming a region of potential activity of size set by X H . This halo means that the D-branes can interact with each other before zero separation, as there is an enhancement of the physics of interaction by new light states formed by the entanglement of the halos, and the crossover into the annihilation channel begins before the branes are coincident.
Recall that the amplitude of exchange can be thought of using two equivalent pictures:
Either as tree level exchange of closed string quanta between the branes, or (after a modular transformation) as the one-loop vacuum diagram for open strings stretched between the two D-branes. In the open string description, at separation X H , the lightest open string becomes massless, and for any closer separation it becomes tachyonic, signalling that the entire vacuum configuration is unstable and wishes to roll to another vacuum. It is this tachyon which produces the divergence of the exchange force, converting a decaying exponential into a growing one, spoiling the convergence of the amplitude in the infra-red (IR) region.
The D-branes annihilate via conversion to closed strings in the generic situation, but the tachyon picture can be exploited in a beautiful way to produce more structure [2, 3, 4, 5] . For the G = U(N) × U(N) gauge theory on the (p + 1)-dimensional world-volume on N Dpbranes and N anti-Dp-branes, the tachyon field, transforming as the (N,N), can be put into a configuration endowed with non-trivial topological charge, and the tachyon potential need not yield a runaway to a sector containing only closed strings. Having such topological vacuum solutions in the tachyon sector allows for the possibility of a stable remnant -interpreted as a D-brane of lower dimension-of the annihilation process after the debris that is the closed string products has cleared. It turns out that the spectrum of hypermultiplets in the U(N) × U(N) world-volume theory supplies a set of variables which is isomorphic to those needed to perform a K-theoretic analysis of the topology of G-vector bundles over the worldvolume, and so the classification of all D-branes which can appear on a spacetime is apparently elegantly and economically by using the results of the appropriate K-theory of the spacetime which the Dp-branes and anti-Dp-branes fill [6, 7, 8] . The case of p = 9 for Minkowski spacetime yields the entire classification of D-branes in the most familiar symmetric vacuum of type IIB superstring theory. This is all well understood for the case of flat ten dimensional spacetime. So when one encounters another background which enjoys the same maximal supersymmetry as flat spacetime -a plane wave with R-R flux [9] :
which also yields an exactly solvable string model [10] (in light-cone gauge defined by relating worldsheet time τ to x + via x + = 2πα ′ p + τ , where p + is the + component of spacetime momentum):
with a mass parameter M = 2πα 
The Interaction Force
It is convenient [13, 18] to label D-branes in the plane wave background given in equation (1) and it would be interesting to explore those other cases in detail. We expect that the key observations made in this paper for these r = 0 = s cases will be quite generic, although there may be additional features to be deduced from studying other cases in detail.
The Amplitude and Potential
We consider a Dp-brane and its antiparticle for p = ±1. If p = −1, it is an instanton, (a (0, 0)-brane) and we consider it to be pointlike in Euclidean time. If p = +1 it is a string, (a (+, −, 0, 0)-brane) and the theory is Lorentzian. So we place a Dp-brane at position y 
For p = +1, the factor exp(−X + X − /2πα ′ t) is not present. For higher p, (which we will not be considering here) there are no additional powers of t in the integrand. These are normally due to integration over continuous zero modes in the flat spacetime case. The plane wave background has no such modes for the direction x i , (the zero modes are instead themselves harmonic oscillators [39, 40, 41, 42] ) and so such t −1 factors beyond those appearing here are present. See below equation (7) for some further discussion of how to read this expression.
In the above, we have the functions:
4 (t) =q
and the parameter q and the deformed harmonic oscillator frequencies are defined as:
Note that ∆ m and∆ m are zero-point energies which arise naturally in the closed and open string sectors, respectively. The coefficients c p r in∆ m are the coefficients of a specific Taylor expansion:
The sets P − and P + are given as solutions of the equations
The details of the derivation of these amplitudes can be found in ref. [18] . We will not need them all here, and refer the reader there for more information. Some comments are in order however. For p = −1, the above expression was computed first with a boundary state formalism with closed string light cone gauge x + = 2πα ′ p + τ , we have M = 2πα ′ p + µ and the propagation time in the closed string channel is 1/t. Then a modular transformation gives the expression above, with
For the case p = 1, the computation was done directly in terms of the open string channel, with open string light cone gauge x + = 2πα ′ p + τ , so we have
What is important for our discussion is the structure of the full amplitude for the cylinder diagram, given above in equation (3) as an integral over the modulus t. It can be written as:
where the the exponent Z(m, y 1 , y 2 )) is defined as (delete the X + X − term to get the D1-brane result):
and the function G(t) is defined as:
For our discussion, the only important fact about the function G(t) is that its behaviour at large and small t is such that generically, the amplitude is convergent. That A is finite as t → 0 follows from the fact that small t is the closed string IR limit, where this amplitude should reproduce simple low energy field theory results for massless exchange at tree level. The t → ∞ limit is also well behaved generically, since this is the open string IR limit, which is fine -away from special circumstances which will not show up in the oscillator contributions since their energies are higher than the lowest lying states. In fact, it is clear that G(t) → 1 as t → ∞, and so whether A is finite as t → ∞ depends on the sign of the exponent Z, which (as we shall review shortly) controls those lowest lying states. Writing y 
where we have defined three crucial parameters:
The Force
Let us now consider the force between the brane and the antibrane. In the y i directions it is given as the derivative with respect to the z i ,
Defining u = 2πtZ (and assuming Z > 0), this gives
When Z → 0, we have G u 2πZ → 1, so the integral approaches unity. In this limit the force clearly diverges, since it goes like
A similar conclusion can be made for the force in the light-cone directions (for p = −1):
3 Review: The Halo in The Flat Spacetime Limit
Divergence
If we send m → 0, we recover flat spacetime (see the solution (1), and recall that m is proportional to µ), and in this limit we ought to recover flat spacetime results. Examining the expressions (14) as m → 0 we see that a → 0, y 2 * → ∞, b 2 → 2π 2 α ′ , and
(delete the X + X − term to give the result for the D1-brane case). So, combining this with our observation of the previous section, we recover the well known [1] divergence at separation given by X 2 H = 2π 2 α ′ .
Tachyon
Consider the RNS formulation in the flat spacetime background. Then the worldsheet Hamil-
, where the constant a R(N S) is the zero point energy and N is the total number operator. The z.p.e. is a R = 0 in the Ramond sector, and
in NS sector. For strings stretched between two D-branes, we have p m = x m /2πα ′ for transverse (to the branes) directions x m . So, splitting transverse (labelled m) and parallel (labelled i) directions we can write
This gives a mass spectrum
The NS ground state (N = 0, a N S = − ) has mass squared
This is a tachyon if z 2 < 2π 2 α ′ .
In the usual case this ground state is eliminated by the GSO projection P =
in superstring theory. The partition function Z is roughly given by TrP e −tL 0 , where the trace is over everything, in both the R and NS sectors. There is an overall factor of exp −t(a R(N S) + z 2 4π 2 α ′ ) . When we consider a brane-antibrane system, we can write
and so there will be an overall factor in the path integral of
The other factors will be non-divergent, so whether the integral over the modulus t is divergent or not just depends of the sign of the exponent in this factor. That is, the integral is divergent if z 2 < 2π 2 α ′ (i.e., M 2 0 < 0). When we consider a brane-antibrane system, we are effectively reversing the GSO projection in the partition function, giving P =
, since antibranes come with a minus sign. This means that the NS ground state (N = 0) will now survive, and the possible tachyon above is present in the spectrum. So for z 2 < 2π 2 α ′ there is a tachyon, and so there is a 1-1 correspondence between the tachyon's appearance and divergence of the integral.
For the case when all of the directions are transverse, as is the case for the instantons we have been studying here, the tachyon interpretation follows from continuation and T-duality.
The Halo in the Plane Wave and the Fall from Grace
Clearly, we must seek for the places where Z → 0 in the more general case. Wherever this happens, there is a divergence of the force in exactly the same way as in the flat spacetime case. This divergence is purely stringy in origin, and signals a place where the lightest open string is becoming massless and a tachyon is possibly appearing in the spectrum. Let us first note that if y So let us consider the case y 2 1 < y 2 * . Then we have
This equation describes ellipsoids (see figure 2 ) in the space of z i and X ± . The radius in the z 
It is straightforward to see that y 2 * * ≤ y 2 * . (This also implicitly defines a mass scale m * * .) The significance of this is that not only can the centre of the halo shift, but in fact it can shift so far towards the origin that it can be completely away from the y 1 brane! So while the halo survives, it no longer surrounds a brane at all.
Summary of Possibilites
It is useful to list the possible situations. The different cases are illustrated in figures 3 and 4. • a = 0: This happens for m = 0 (case (i) in figures 3 and 4) in which case we simply recover the flat spacetime result that the force diverges when the separation between the branes is √ 2π 2 α ′ . The case a = 0 also happens for m = 0 and y 1 = 0. In this case a = 0, but b < h < √ 2π 2 α ′ .
• b 2 > a 2 > 0: This "small mass" situation (case (ii) in figure 3 and 4) happens for 0 < y 2 1 < y 2 * * , or equivalently for 0 < m < m * * .
• a 2 = b 2 This happens when y • b 2 < 0: This happens for y 2 * < y 2 1 , or equivalently m * < m. In this case there is no divergence of the force for any separations. This "large mass" situation is case (iv).
Discussion
The maximally supersymmetric plane wave background [9] allows for an exactly solvable string model [10, 43] in which to examine the properties of D-branes in some detail. D-branes in flat spacetime exhibit an important feature in that they are sensitive to each other's presence upon approaching to a distance scale set by the tension of the open strings that can end on them.
It is natural therefore to look for new physics in this regime for D-branes in the plane wave background, since there is a mass parameter µ naturally associated to the background.
It is possible to account for some of the features that we saw in our amplitudes by examining the worldsheet model, given in equation (2) . The mass parameter µ controls a mass m in the two dimensional string model (either closed or open [17, 18] ; see equations (8) and (9)) for the modes in the x i (i = 1, . . . , 8) directions. This means that for non-zero m, it is energetically favourable to keep x as small as possible. This nicely explains two phenomena about the halo.
For increasing m, we saw that b, which sets the size of the halo, decreases. The halo is made of fundamental strings, whose bulk behaviour is controlled by the model in equation (2) . So the decrease in the size of the halo is to be expected, since the open strings wish to stay closer
Figure 4: This figure depicts a brane (large dot) and its accompanying halo in four different situations.
(The labels (i) -(iv) correspond to the labelling in the text and in figure 3 .) This case is for fixed m, while the brane is placed at increasing distance from the origin. The halo shrinks, shifts off the brane, and eventually disappears altogether. Fixing the brane's position and increasing m will also shrink the halo and cause it to disappear.
to the origin x = 0 of the spacetime. This also explains why the halo gets shifted towards the origin when the D-brane is located at y 1 = 0. The potential m 2 x 2 in the plane wave model produces a "drift force" on the halo, distorting it sideways towards x = 0. This is shown more graphically in figure 4 . The disappearance of the halo past a critical distance, or equivalently a critical value of m, is intriguing. It originates in the fact that there is a competition between the classical desire of the open strings to reduce their length to zero since they have tension, and the fact that they have a quantum mechanical negative zero point energy, and so they stretch to soak up the energy, and form the halo. The background's mass parameter, m, tilts the battle in the favour of the tension, since energy can go into the string's mass term at the expense of stretching.
This results in the shrinking of the halo, while also shifting its centre as we saw above, since smaller x is less costly in the presence of the mass term. At a critical value of m however, m * , the contribution of m overwhelms the quantum mechanical zero point energy to the extent that there is no longer any energetic reason for the strings to stretch out at all. In this case, there is no region where there is a massless state which is about to become tachyonic at all.
As mentioned in the introduction, this is interesting, since while nothing we have done here shows that the D-branes can't annihilate when there is no halo 3 , there is no accompanying open string tachyon for a range of parameters. This leads one to speculate (as we did in the introduction) about whether or not the spectrum of branes in this background can be captured by K-theory, of which the tachyon condensation mechanism for constructing lower dimensional branes by brane -anti-brane annihilation [2, 3, 4, 5] seems to supply a physical realisation in flat spacetime for type IIB [6, 7, 8] . (The possibility of a K-theory classification arising from studying only intrinsically unstable branes, as was done for type IIA in flat spacetime [8] , remains open.) That there is a critical mass m beyond which the branes lose their halo (or equivalently, a critical radius from the origin outside of which branes lose their halo) for this plane wave background may have a number of important consequences beyond the matters of classification mentioned above. For example, given that strings in such a background capture aspects of (a sector of) large N gauge theory [44] , there may be consequences for gauge theory dynamics to be uncovered.
